ON A DEGENERATE PARABOLIC EQUATION ARISING IN PRICING OF 

ASIAN OPTIONS 



SEICK KIM 



Abstract. We study a certain one dimensional, degenerate parabolic partial differential 
equation with a boundary condition which arises in pricing of Asian options. Due to de- 
generacy of the partial differential operator and the non-smooth boundary condition, reg- 
ularity of the generalized solution of such a problem remained unclear. We prove that the 
generalized solution of the problem is indeed a classical solution. 



1 . Introduction and Main result 

In 13, Vecef proposed a unified method for pricing Asian options, which lead to a 
simple one-dimensional partial differential equation 

(1.1) M, -H i - e"/o ^2^^^ ^ Q 

with the boundary condition 

(1.2) u(T,x) = ix-Ki)+ := max{x-KuO). 

Here, v(f) is the measure representing the dividend yield, cr is the volatiUty of the underly- 
ing asset, q(t) is the trading strategy given by 

q(t) = exp |- (iv(s)| ■ J exp |-r(r ~ '^i^(''")| dii(s), 

where r is the interest rate and iu{t) represents a general weighting factor In the fixed strike 
Asian call option, we have Ki = in the boundary condition ( 11.21 ); see |l4l|5] for details. If 
we assume that dfi{t) - p{t) dt for some p e U^iiQ, T]) satisfying Q < pq < p(t), then it is 
readily seen that 

e- q(t) exp |-r(r - + ^ dvir)^ d/iis) (c = e^/o" ^vU^ > oj 

is a monotone decreasing Lipschitz continuous function. We are thus lead to consider the 
following one-dimensional parabolic PDE 

(1.3) u, + ^ib(t) - xf u,,, = 
in Ht '■- (0, r) X R with the boundary condition 

(1.4) u(T,x)^x+, 

where b{t) is a Lipschitz continuous function defined on [0, T] such that b{T) = and 

(1.5) nil ^ -b'it) < 1112, for a.e. t € (0, T) for some 1111,1112 > 0. 
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In this article we are mainly concerned with regularity of the (generalized) solution 
u(t, x) of the problem ( 11.31 ). ( 11.4b . It is a rather nontrivial task to show that the problem 
( ll.3l l, (11.4b has a solution in the classical sense. First of all, it should be noted that even 
though the coefficient which appears in ( 11.3b is Lipschitz continuous, the classical approach 
based on Schauder theory is not applicable here, for the operator in ( 11.3b becomes degen- 
erate along the curve x = b(t). Nevertheless, it is possible to show that the problem ( 11.31 ). 
( 11.4b admits the "probabilistic" solution: Let 

(1.6) uit,x) :=Ef(XT(t,x)), 

where f(x) := x+ and is the stochastic process which satisfies, for t e [0, T] and x e R, 

/ dX,(t, x) = (b, - X,(t, x)) dws, s>t, {bs^ b(s) ) 
^ ' \ X,{t,x) = X. 

It is known that such a process X, exists and that if / is twice continuously difFerentiable, 
then u{t, x) given by ( 11.61 ) is a classical solution of ( 11.3b in Hj (i.e., u(t, x) is continu- 
ously differentiable with respect t and twice continuously differentiable with respect to x 
in Hj and satisfies ( 11.3b there) with the boundary condition u(T,x) = fix); see e.g. 
Unfortunately, f{x) - x+ is not twice continuously differentiable and the above method 
is not directly applicable here. On the other hand, it should be also noted that if bit) is 
smooth enough and b'{t) + everywhere, then the differential operator in ( 11.3b satisfies 
Hormander's conditions for hypoellipticity (see 1 1]). Therefore, in this case, it is not hard 
to see that u{t, x) given by ( 11.6b becomes a classical solution of the problem ( 11.3b . ( 11.4b . 
However, Hormander's theorem is not available under a mere assumption that b(t) is a 
Lipschitz continuous function satisfying (11.5b . 

The main goal of this article is to present a technique to prove that the generalized 
solution u(t, X) of the problem ( 11.3b . (11.4b is indeed a classical solution. Let us now state 
our main theorem. 

Theorem 1.8. For t e [0, T] and x e R, let Xs — Xs(t, x) be the stochastic process which 
satisfies ( 11.7b and let u(t, x) be defined as in (11.61 ) with f(x) : = Then u(t, x) is a classical 
solution of the equation ( 11.31 ) in Hj — (0, T) X R satisfying the boundary condition ( 1 1 .41 ). 

The organization of this paper is as follows. In Sec. |2l we introduce some notations 
and present a preliminary lemma which will be used in the proof of the main result. In 
Sec. [3] we give the proof of our main result. Theorem 1 1.8 1 An outline of the proof is as 
follows. We first split u - u\ +U2, where m, are the probabilistic solutions of ( 11.3b satisfying 
Ui{T, x) = f(x) with /i (x) - X and fiix) - (-x)+. It can be readily seen that mi is a classical 
solution of (11.3b in Hj. Next, we show that M2 = in the set {(f, x) G Hj '■ x > b(t)}. Then, 
by using a suitable rescaling and the lemma in Sec.|2] we show that U2 decays very rapidly 
to zero near the curve x = b{t). This is the key point of the proof. Then, we apply the 
interior Schauder estimates to U2 to conclude that dtU2, d_^U2, and (9„M2 all decay rapidly 
to zero near the curve x - bit), from which we will be able to complete the proof. Finally, 
In Sec.Hl we reformulate the key lemma of the proof in more general settings, in the hope 
that this technique might be useful to some other problems as well. 

2. Notations and preliminaries 

2. 1 . Some notations. We introduce some notations which will be used in the proof. We 
define the parabolic distance between the points zi - (fi, ;ici) and Z2 - (t2, X2) as 

ki - Z2\p := max( V^i - hi, \xi - X2I). 
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Let a e (0, 1) be a fixed constant. If m is a function in a domain Q c R^, we denote 

r T \u(Zl) - u(Z2)\ , , , , 

l"]a/2,a;e = SUp ■ , |m|o;Q = SUp |m|, 

zii=zi Kl - Z2\p Q 

\'Aail,a\Q - |M|0;e + {ll\al2,a;Q- 

By C"^^ "(0 we denote the space of all functions for which \u\ai2^a;Q < °°- We also 
introduce the space ci+«/2.2+»(-g-) jjjg Qf ^jj functions u defined in Q for which both 

[u]\+a/2,2+a;Q ■= [Ut]a/2,a;Q + [Uxx]a/2,a;Q < °° and 

\u\]+a/2,2+a;Q '- l"lo;G + l"j:lo;e + l"(lo,Q + Im.vxIo.G + [«] l+ff/2,2+a;Q < °°- 

The function space C''^(2) denotes the set of all functions defined in Q for which 

\u\0;Q + \u.x\0;Q + \Ut\o,Q + \Uxx\o,Q < 

We say u e C^^^^'^'^^^iQ) if m e c^+'^na+a^Q,-^ f^j. ^jj compact set Q' <s Q and similarly, 
M e C,'^^(e) if M e C^'^(Q') for all compact set Q' g g. 

2.2. A lemma on Gaussian estimates. Let R > he fixed and g(x) be a continuous 
function defined on [-7?, 7?] satisfying 1/2 < g(x) < 3/2 for jc e [-7^,7?]. We denote 

Q {(t, x) € r2 : < f < 2, |x| < 7?), 

Q {(f, x) € e : f > ^(x)), 2 {(f, x) € Q : f = g(x)). 

Lemma 2.1. Lef Q anJ 2 be defined as above and let a(t, x) be a function satisfying 

(2.2) 0<fl(f,x)<l, V(f,x)efi. 
Aiiwme that u e Cj^^(Q) Pi C(Q) awe/ satisfies 

{Lu := u, — ait, x)m„ = /n £1 
M = on 2. 

r/ien, we /zave the following estimate: 

(2.3) |M|o;n' < (16/ yl2^)R'^e-'^''^^ \u\o-n, where Q' {(f,x) e Q : |x| < 7;/2}. 

Proof. By changing u ^ uj \u\q.q^, we may assume |M|o;n = 1- Let 0(f, x) be the fundamen- 
tal solution of the heat equation in (0, oo) x R; i.e., 

(I,(f,x) = -Le--^'/''. 
yAnt 

let v(f, x) be a function on (0, oo) x R defined by 

(2.4) v(f, x) = 2 1 <l)(f, x-y) dy, where £ := I J ((47 + 1)7?, (4 ; + 3)7?). 

Denote D = {(f, x) e R^ : f > 0, |x| < /?). From (|24] |. it follows that v > and satisfies 

{V, - Vj:v = in D, 
V = on d,D {(f, x) e R^ : f = 0, |x| < R}, 
V = 1 on 5,£> := {(f, x) e R^ : f > 0, |x| = 7?). 

Moreover, by the comparison principle, we see that v(f, x) < v(f + h, x) in D for any h > 0, 
and thus it follows that 

(2.6) v^x = V, > in D. 
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Then by using i2.2i . we have 

L(v + u) — Lv — V, — a(t, x)vxx > v, — v„ = in Q. 

Denote by dpQ. the paraboUc boundary of Q. (see e.g., |3| for its definition) and observe 
that E' :- dpQ. \ 2 c d^D. Then, by ( 12. St . we find (recall that we assume |M|o;n =1) 

v ± M > on dpQ.. 



Therefore, by the maximum principle and (12.61) , we have 

\u{t, x)\ < v{t, x) < v(2, x), "iit, x) e Q. 
On the other hand, for |x| < Rjl, we estimate v(2, x) by 



(2.7) v(2, x) = 2 I 0(2, X - y) t/y < 4 I 0(2, y) t/y < 4 I 0(2, y) dy 

nR JRI. 



\x\ JRI2 

ye-r/^dy^-^R-'e-"'-'''. 



Vs^/; Jr/2 V2i 

The lemma is proved. □ 

3. Proof of Theorem 1 1 .81 

For f e [0, T] and x e R, let Xs - Xs(t, x) be the stochastic process which satisfies ( 11.71 ). 
It is well known that such a process X, exists; see e.g., |2 Theorem V.1.1]. Denote 

(3.1) Ml(f,x) = E/l(X7(f,x)), M2(f, X) = E/2(X7(f, x)), 

where /i(x) = x and /2(x) = (-x)+ so that /(x) = /i(x) + /2(x). By ^ Theorem V.7. 4], the 
function mi and its derivatives dfUi, dxU\, and 5.„mi are continuous in Hj and ui satisfies 
the equation ( ll.3l l there. In other words, the function ui is a classical solution of ( 11.31 ) in 
//r. Also, it is readily seen that m, e CiHr) (i = 1,2). Therefore, it is clear that u = ui + U2 
satisfies the boundary condition ( 11.4b . 

Let us further analyze the function U2- Once we prove that U2 is also a classical solution 
of ( 11.3b in Ht, then we are done. Let {gk}'^^i be be smooth approximations of /2, say 
obtained by using mollifiers, such that gt fi uniformly. Denote 

Vk(t,x)^^gk{XT{t,x)). 

Then by the same reasoning as above, the functions {vj:)^^ are classical solution of ( |1.3b 
in Hj- Note that by interior Schauder estimates, C'^^'^^^'^'^^-norm of \'k in any compact set 
belonging to Hj \ {{t, x) : x - bit)] is estimated through its supremum over a bounded 
domain containing the set. Since gk — » fi uniformly, we also have — > M2 uniformly, and 
thus we get 

M2 e C]^"'^-^^"{Q), where D.:^Ht\ [it, x) : x = bi f)} 
and satisfies the equation ( 11.31 ) in Q.. 

Next, we claim that M2 = in {(f, x) € [0, T] x R : x > b{t)]. Note that the process 

YAt,x):^XAt,x)-bs ibs^bis)) 

satisfies the following stochastic differential equation: 

dYs(t, x) = -^^(f, x) dws - b'{s) ds, s > t, 
Y,(t, x) - X- bit). 

The solution to ( 13. 2b is unique and has a representation 

= f e'^'-"''+j('-^)fe'(r)t/r, s>t. 



(3.2) 
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Therefore, from the assumption b' < 0, we conclude that Ys(t, x) > for all i > f provided 
that Y,(t, x) - X- b(t) > 0. In particular, we have Xrit, x) - Xjit, x) - b(T) - Yrit, x)>0 
if X > bit). Therefore, from ( 13. Il l and the fact that = for jc > 0, we find U2{x, f) = if 
X > b(t). We have thus proved the claim that M2 = in {(f, x) e [0,T] xR : x > b(t)}. 

Now, we will show that U2 e C]'^^(Hj). To comply with standard conventions in para- 
bolic PDE theory, we make a change of variable 1 1-^ T - t and denote 

(3.3) v(f, x) := U2{T - f, x) and i//(t) := b(T - t). 
By the observations made above, we have 

(3.4) y e C(Ht) n C;„7^'''^"(//r \ O, where Y := {(f, x) e Hj : x ^ (A(f)), 
and satisfies the equation 

V, - i(x - iA(f))V.v = in HT\r. 

In order to show that v e C\'^^{Ht), we need investigate the behavior of v near F. By ( ll.5l l, 
we find that (p :- (/r"' is defined on [0, {], where i :- tp{T), and satisfies 

l/m2 < 4>'(x) < l/niu fora.e. x e (0,^). 

In the rest of the proof, we use the following notation. For zo = ik), ^o) e R^, we denote 

Crizo) = {{t,x) e r2 : If - f,,! <r,\x- xo\ < (mi/2)r), 
Kr(zo) = C,(zo) n {(f, x)eHT:x< ifr{t)}, 
^I'XZQ) = {{t,x) e 1/,(zo) : \x-xq\ < (OTi/4)r), 

r.(zo) = Crizo) n F. 

Lemma 3.5 (Key lemma). Let zq - (fo, xq) - (to, i/'(fo)) e F awe/ r e (0, 1) /je any number 
satisfying Cr(zo) <z D .— (0,T) x (0, d). Then, the function v defined as in ( I3.3l l satisfies 

(3.6) Ivlo;^;.!^) < A^or'^'e-^o^VIo;/,, 

where No — NQ{m\,m2) and ko — ko(m\,m2) > 0. Moreover, we have 

(3.7) r''^\v,(to + r, xo)\ + rV„(fo + r, xo)\ + r\v,(to + r, xo)\ < Ny-e-'"''\vW,D, 
where Ni — N\{mi,m2). 

Proof. Let T be a linear mapping defined by 

(3.8) Tit, x) ((f - fo)/r, (x - xo)/cr'^'^) , where c (mj + 2^2)/ Vs. 
We shall denote D.r :^ T {VAzq)), 'Ly-.^T (F,-(zo)), and 

e, := TiCrizo)) = {(f,x) e : |f| < 1, \x\ < {m,l2c)r-^'\ 
We also define the functions w(f, x) and a{t, x) on 2,. by 

(3.9) w(f, ;c) := V o r"'(f, jc) = v(f() + rf, xq + c?''^x), 

1 2 

(3.10) a(t,x):^ ——-r(xQ+cr^'^x-\l/{t() + ri)\ . 

TicrY ^ ' 

Then w e cj^"'^'^^"(Qr) n C(Q,) and satisfies 

f Lw := w, - a(t,x)w^j, = in 
I w = on S^, 



SEICK KIM 



Note that a{t,x) satisfies the following inequalities in Qr. 

1 2 

(3.12) < a(t, X) = {xo + cr^'^x - i//(to + rt) + iff(to) - xq) 



2(cr)2 

1 2 1 

2{crY ^ ' oc-^ 

Also, observe that c {{t,x) e : |f| < 1/2). By dTTTT l and (llT2l l. we may apply 
Lemma im to u{t, x) = w(f + 1, ;c) with R = (mi/2c)r"'^^ to conclude that 

(3.13) |w|o;n;. <A?ri^2^-*°/'>lo;a, 

where QJ. = T{^'.(zo)), No = 8(mi+2m2)/ V^mi, andA:o = mj/16(mi +2m2)^. It is obvious 
by (ll9]l that (O follows from (ITTll l. 

Next, we turn to the proof of ( 13.71) . Note that by a similar calculation as in ( 13.121 ). we 
have (recall < r < 1) 

(3.14) l|5,.fl||L~(e,) < 4(mi + 2ot2), P,fl||L"(a-) < 4m2/(mi + 2m2). 
Let us denote lip := (1 - p^, 1) x (-p,p) for p > 0. Note that if (f, x) e Hp, then 

(3.15) ait, x) > (|(A(fo) - m + r)\ - |(A(fo + r) - (A(fo + rt)l - cr^'^\x\f 

> 2(1^-^2 ~ "^2rp^ - cr^'^p) - ^ ('"I ~ '"zP^ ~ ^p) ■ 
Fix po - Po{nt\,m2} e (0, 1 /2] such that 

mi - m2Po - cpo > mi/2 and Ilp^ c Q.'^. 
Then by (ITT2l l and dlTSb . we have 

(3.16) 2mi/(mi +2m2)^ < a(f,x) < 1, V(f, ;t;) e rip^. 
By ( |3.14t . ( 13.161 1, and the interior Schauder estimates, we have 

(3.17) |w,(l,0)| + |w,,(l,0)| + |w,(l,0)| < C|w|o;n,„, 

where C - C{m\,m2); see e.g. Q. Now, the estimate ( I3.7l l follows from ( 13.91 ), ( 13.131 1, and 
( 13.171 1. The lemma is proved. □ 

1 2 

We are ready to prove that v e Cf^^iHj). We define = (resp. v„ = 0, v, = 0) on F. 
By ( 13.41 ), it is enough to show that Vj (resp. Vxx, v,) is continuous at each zo - ik), xq) e F. 
Fix an ro = ro(zo) e (0, 1) such that Cr„(z()) c D = (0, T) x (OJ). Note that for any 
zi e Fro/4(zo) and r < ro/4, we have C, (zi) c C,„(zo). Therefore, by Lemma [33] 

(3.18) \w(cf>(x) + r,x)\<Nir-f'e-''"''-\v\Q,D, Vre(0,ro/4) Vx e (x,, - ro/4, xq + ro/4), 

where w :- Vv (resp. w :- v„, w := v,) and /? = -1 (resp. yS = -5/2, /3 - -1/2). On the 
other hand, note that there is some 6 = 6(mi, m-i} > such that 

(3.19) %,„(zo) c {((P(x) + r, x) e r2 ; < r < ro/4, |x - xo| < ro/4). 
From (13.181 1 and (13.191 1, we find that hmp^o IwloiCpCzo) - 0. The theorem is proved. 
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4. Generalization of Key lemma 

Let : R" — » R be a Lipschitz continuous function satisfying ||V0||L<»(iRn) < Mq for some 
Mq € (0, oo) and denote 

r := {(f,x) G RxR" : f = (f>(x)} . 
For z = (f, x) e R X R" and r > 0, we shall denote 

Cr(z) := {(s,y) € R X R" : |i - f| < r, max \yk - Xk\ < (l/2Mo)r), 

l<k<n 

^l^(z) := Criz) n {{s,y) e R x R" : i > (p{y)], 

%{z) := {{s,y) e ^Xz) ■ max - x,| < (l/4Mo)r}, 

l<i<n 

r,(z) := c,(z) n r. 

Theorem 4.1. Lef zo £ T awe/ r > be given. Assume that there are numbers n > \ and 
A > such that the coefficients (aij(t, x))"j^^ satisfy 

(4.2) < aijit, x)^i^j < A |0(x) - tf \^\^ , V(f , x) e C,(zo), e R" . 
Let u e C]'^^{nJr{zo)) n C(^.(zo)) sans/y 

J Lu :- u, - atjDijU - /n Urizi)), 
\ u-Q on r,.(zo)- 
77ie« the following estimate holds. 

(4.3) |«|o;t/;(,„) < A^or'^"''^'e-*°'-'" |M|o;t/.(z„), 
w/iere A^o - NQ(n,fi, A, Mq) fln^^ ko - ko(fi. A, Mq) > 0. 

Proof. The proof is a slight modification of that in Lemma 12.11 By renormalizing u to 
u/ |M|o;t/^(2„), we may assume |M|o;«,(ro) ~ ^- be a linear mapping defined by 

(4.4) T(t, x) := ((f - to)/r, (x - xo)/c/'+''*/^) , where c := A'^^(3/2)^/1 
Denote T (U(zo)), := T ('Z/;(z(,)), I, := T (r,(zo)), and 

(4.5) Qr := r(C,-(zo)) = {it,x) e RxR" : |f| < 1, max M < (l/2cMoV^-''>'^}. 

l<k<n 

Define the functions w(t, x) and a,j(f, x) on Q,- and Qr, respectively, by 

(4.6) w(t, x) M o r"'(f, x) = M(fo + rf, xq + c/'+'^'^^x), 

(4.7) a,/f, x) (cV)"' a,7(fo + rt, xo + c/'+'^'^^x). 
Then w e C'^^(i^r) n C(Or) and satisfies 

1 Lw := wt - aij(t, x)DijW = in Q.r, 
y w - Q on 

By (|43]i and gUi, for all (f, x) e g,- and ^ e R", we have 

(4.9) < a,/f, x)^,f,. < A. + c/i+^'/2_^) - 0(xo)| + r|f|f l^p 

< (Moc/'+''>/2|_^| + r|r| < ^(3/2)''|^|2 = 
Let V be given as in with R = (l/2cMo)r(i-'^>/2 ^j^^j (jgfljjg 

(4.10) y(f,x) = V(f,xi,...,x„) ^v(f + l,Xi). 

/t=i 
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Then, since Vxx > by (12.61) and 5*:*: < 1, for all A; = 1, . . . , n, by ( 14.91) . we have 

n 

LV ^Vt- OijDijV = ^ (y,(f, Xk) - atkVxxit, x^)) 

k=l 

n 

- X ■^'^^ ~ ^ ^ ^" 

i:=l 

Note that by (O), V > 1 on 5,2, := {{t, x) € R x R" : |f| < 1, \xt\ ^ R,Vk = 1, . . . , n). 
Also, observe that 2, c {(f, x) € : \t\ < 1/2). Therefore, we have V > \w\ on the 
parabolic boundary dpQ.r of Q,. Then, by the comparison principle, we obtain 

(4.11) |w(f, x)| < V(t, x), V(f, x) € Q,. 

On the other hand, by <E21l, and ( I4l0l i. we have (recall 7? = (l/2cMo)/'-''>/2-) 

(4.12) y(f, x) < (32ncMo/ V2^)r'^-i>^2g-,'-''/i28c^M^ y^^^ ^ 

We obtain ( 14.3b by combining ( 14.61 ). ( 14.111 ). and ( 14.12b . The theorem is proved. □ 

Theorem 4.13. Let zq e F and R > be given. Assume that there are numbers n > I and 
A, A, Ml > such that the coefficients (aij(t, x))" satisfy 

(4. 14) A \<p(x) - tf < aijit, x)^,f ; < A \^(x) - tf , V(f, x) € Cr(zo), e R«, 

(4.15) |V,,,fl,/f, x)\ < Ml |0(x) - tf-' , for a.e. (f, x) e Cr(zq). 

Suppose u e CJ^^"^^'^^"('Z/r(zo)) n C(fl(R(zo)), for some a e (0, 1), ant/ satisfies 

{Lu :- u,- aijDijU - in Kr(zo), 
M = on TRdo)- 

Then if we extend u = in Cr(zo) \ Kr(zo), we have u e C[^^(Cr/2(zo)) 

Proof. Let zo = (fo^-^o) - i<l>(xo),xo) e rR/2(zo) and let < r < min(l,/?/2) so that r < 1 
and C,(zo) c Cr(zo)- Then, by (03)) of Theorem|4l]we find 

(4.16) |M|o;t/;(,„) < A^or<^"''^'e-'=°'-'" |m|o;%(z-„), 

Let r, , ^(f, x), and 5,/?, x) be defined as in ( |4!4l ) - ( I4J] ). Then, by ( 14. 15b we have 

(4.17) l|V,,,aollL»(G,) < CMi, where C = C(A,//). 
Denote Up :- (I - p^,l) x (-p,p)". Note that if (t, x) e Hp, then we have 

|0(xo + c/'+'^'/^x) - (fo + rt)\ > \r(l - p^) - Mqc/'+'^'^VI ^ ' ' M^cpl 

Let us fix a number po = po(/U, A, Mo) e (0, 1 /2) such that 1 1 - - Mocp| > (1/2)'^'' and 
np„ c n;. Then, it follows from (gj]) and ( |4TT4| ) that 

(4.18) a,v(f, x)^,f,- > (^/2c2)|^|2 = (^/A)2^-i3-'^|^|2. 
Then by ( 14.171 ). ( 14.91 ). ( 14.181 ). and the interior Schauder estimate, we have 

(4.19) |£>.w(l,0)| + |Z)>(1,0)| + |w,(l,0)| < CMo;n,„, 

where C = C(n, a,fi. A, A, Mo, Mi). Therefore, by using (14.6b and ( 14.16b . we conclude 

(4.20) r'-'^i'^'^lDxUito + r, xo)| + r'^^lOluito + r, xo)| + r\u,ito + r, xo)| 

<A^ir(^-»/2.-^«^'-"|«|o;%ao), 
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where A^i - Ni(n, a, fi. A, A, Mo, Mi). Finally, by using ( 14.20b instead of (13.7b and pro- 
ceeding similarly as in the proof of Theorem 11.81 we see that u e Cj^^(Cj?/2(zo))- This 
completes the proof. □ 
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